Ramanujan derived 23 beautiful eta-function identities, which are certain types of modular equations. We found more than 70 of certain types of modular equations by using Garvan's Maple q-series package. In this paper, we prove some new modular equations which we found by employing the theory of modular form and we give some applications for them.
Introduction
We begin with this section by introducing Ramanujan (1 − aq n )
for |q| < 1. The Jacobi triple product identity [3, Entry 19, p. 35 ] is used to obtain the third equality of Eq. (1.2). We now give the definition of a modular equation that Ramanujan employed and the one that we shall use in the sequel. First, for 0 < k < 1, the complete elliptic integral of the first kind K(k) is defined by
The number k is called the modulus of K, and k := √ 1 − k 2 is called the complementary modulus.
Let, as customary, for each nonnegative integer n,
And the ordinary or Gaussian hypergeometric function 2 F 1 is defined by 
holds for some positive integer n. Then a modular equation of degree n is a relation between moduli k and l that is implied by (1.4).
If we set
we see that (1.4) is equivalent to the relation q n = q . Thus, a modular equation can be viewed as an identity involving theta-functions at the arguments q and q n . Following Ramanujan, set α = k 2 and β = l 2 . We say that β has degree n over α. Ramanujan also established many "mixed" degrees modular equations in which four distinct moduli appear. Definition 1.2. Let n = n 1 n 2 , where n 1 and n 2 are positive integers, each exceeding one. Let k, l 1 , l 2 , and l 3 be the moduli associated with the complete elliptic integrals of the first kind K, L 1 , L 2 , and L 3 , respectively, where 0 < k, l 1 , l 2 , l 3 < 1. And let their complementary moduli be associated with the complete elliptic integrals of the first kind K , L 1 , L 2 , and L 3 , respectively. Suppose that
Then a mixed modular equation of degree n, or a modular equation of composite degree n is a relation between k, l 1 , l 2 , and l 3 that is implied by (1.5).
Ramanujan derived 23 beautiful eta-function identities [4, p. 192, pp. 204-237] , which are certain types of modular equations. We found more than 70 of certain types of modular equations by using Garvan's Maple q-series package, and some of them are given in [15, 16] . In this paper, we introduce some new modular equations which we found in Section 2. Many methods have been devised to prove modular equations. We prove them by employing the theory of modular form. And we give some applications for them in Section 3.
In his lost notebook [12] , Ramanujan defined
Closely associated with λ n is
introduced by Ramanathan [11] .
All 21 values of λ n which Ramanujan provided and several more were established by Berndt et al. [5] . But they gave very long and complicated proof for n = 169, 361 by using modular equations in the theory of signatures 3. By using theorems in Section 2, we give simple proofs for them and some more new values for λ n and μ n in Section 3. Also by using the relations μ n = r 6 3,n and λ n = r 6 3,n in [18] , we find more new values for r k,n , r k,n , μ n and λ n . Now we introduce the definitions of r k,n and r k,n from [18] . For all positive real numbers n and k, define r k,n by 6) where q = e −2π √ n/k , and define r k,n by
where q = e −π √ n/k . We found more than 800 values of r k,n and r k,n by using eta-function identities and the properties of the two parametrizations. Using them, we can derive further values for λ n and μ n . Some more values of λ n and μ n were also found by N.D. Baruah and N. Saikia [2] . Also H.H. Chan, W.-C. Liaw, A. Gee, and V. Tan [7] [8] [9] have found several new values of λ n and μ n . They have also found several new Ramanujan-type series for 1/π associated with λ n and μ n [9] .
Some new modular equations
This section is devoted to stating and proving certain new eta-function identities which we found.
We will use the theory of modular forms and the theory in [4, pp. 237-239] for the proofs of this section like Theorem 2.3 in [16] . We recall that Γ (1) denotes the full modular group, and that the space of modular forms of weight r and multiplier system v on Γ is denoted by {Γ, r, v}, where Γ is a subgroup of Γ (1) of finite index. As customary, let
where N is a positive integer. We now state the valance formula [13, Theorem 4.14, p. 98]. If f ∈ {Γ, r, v} and F is any fundamental set for Γ , then, provided f ≡ 0,
where
Next, from Schoeneberg's book [14, p. 102] , if σ ∞ denotes the number of inequivalent cusps of Γ 0 (N ), then 
For the proofs of the following theorems, let {Γ 0 (n), 0, 1} denote the space of modular forms on Γ 0 (n) of weight 0 and multiplier system 1.
. .4) is the expression on the left-hand side of (2.4) and R(2.4) is the expression on the right-hand side of (2.4). If D(z) denotes the difference of the left-hand and right-hand sides of (2.4), using (2.1), we find that Table 1 Cusp/Order 
4).
This then completes the proof. 2
. Table 2 Cusp/Order side of (2.6) and R(2.6) is the expression on the right-hand side of (2.6). If D(z) denotes the difference of the left-hand and right-hand sides of (2.6), using (2.1) we find that
Thus, if we can show that D(z) = O(q 5 ) as q tends to 0, or z tends to i∞, then we will have found a contradiction to (2.7) unless D(z) ≡ 0, which is what we want to prove. In fact, using Mathematica, we find that
This then completes the proof. 2 Theorem 2.3. Let
. 
8).
You see further new P -Q modular equations in [15] [16] [17] .
Formulas and the explicit values for λ n and μ n
By using theorems in Section 2, we give some formulas for λ n and μ n in this section. Also we give simple proofs for known values and some more new values for λ n and μ n . in Theorem 3.1 and using the fact λ 1/n = 1 λ n [18] , we find that
Rearranging terms in (3.1), we find that
Simplifying the above equation, we find that
Solving for Λ and using the fact that λ n = r 6 3,n is increasing and has a positive real value, we find that
Thus we complete the proof of (i).
(ii) Letting n = 1 and Λ = λ 
and then squaring both sides of (3.3), we deduce the equation
So
Thus we complete the proof of (ii). 2 Theorem 3.3. Let n be any real number. Then we have
Proof. The result follows directly from Theorem 2.1 and the definition of μ n . 2 Proof. Letting n = [18], we find that
Rearranging terms in (3.4), we find that
Solving for Λ and using the fact that μ n = r 6 3,n is increasing and has a positive real value, we find that
Thus we complete the proof. 2 Theorem 3.5. Let n be any real number. Then we have Multiplying by λ 3 17 in both sides of (3.5) and rearranging terms, we find that Solving for λ 17 and using the fact that λ n = r 6 3,n is increasing and has a positive real value, we find that
(ii) Letting n = 1 and Λ = λ 1/3
289 in Theorem 3.5, and using the fact λ 1 = r 6 3,1 = 1 [18] , then rearranging terms, we deduce that
By squaring both sides of (3.6) and simplifying them, we deduce the equation
Solving for Λ and using the fact that λ n = r 6 3,n has a positive real value, we find that
Thus we complete the proof of (ii). 2 Theorem 3.7. Let n be any real number. Then we have
Proof. The result follows directly from Theorem 2.2 and the definition of μ n . 2 Solving for Λ and using the fact that μ n = r 6 3,n is increasing and has a positive real value, we find that Solving for Λ and using the fact that μ n = r 6 3,n is increasing and has a positive real value, we find that
Thus we complete the proof. 2
By using theorems in [18] , we can find more applications for the modular equations in Section 2.
